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Optial Sommerfeld-Brillouin preursors signiantly ahead of a main eld of omparable am-
plitude have been reently observed in an opaque medium with an eletromagnetially indued
transpareny window [Wei et al., Phys. Rev. Lett. 103, 093602 (2009)℄. We theoretially ana-
lyze in this paper the somewhat similar results obtained when the transpareny is indued by the
propagating eld itself and we establish an approximate analyti expression of the time-delay of the
main-eld arrival, whih ts fairly well the result obtained by numerially solving the Maxwell-Bloh
equations.
PACS numbers: 42.25.Bs, 42.50.Md, 42.50.Gy
More than one entury ago, Sommerfeld examined the
apparent inonsisteny between the existene of superlu-
minal group veloities and the theory of relativity. Con-
sidering an inident eld swithed on at time t = 0 (step
pulse), he showed that, no matter the value of the group
veloity, no eld an be transmitted by a linear disper-
sive medium before the instant t = L/c where L is the
medium thikness and c the veloity of light in vauum
[1℄. Subsequently he and Brillouin studied the fast os-
illatory transients appearing at t ≥ L/c in the parti-
ular ase of a single-resonane Lorentz medium [2, 3℄.
They named them forerunners insofar as, in proper on-
ditions, they an distintly preede the establishment of
the steady-state eld (the main eld). Renamed optial
preursors, forerunners have entered lassial textbooks
[4, 5℄ and ontinue to raise a onsiderable interest. The
theoretial results of Sommerfeld and Brillouin have been
improved, even retied (the amplitude of the preursors
was in partiular strongly underestimated in their work),
and dierent models of linear dispersive media have been
onsidered. See [6℄ for a reent review.
Despite the abundant literature on preursors, there
are very few papers reporting diret observation of pre-
ursors distinguishable from the main eld. The di-
ulty of suh an observation has been soundly disussed
by Aavikssoo et al. [7℄ who ahieved in 1991 an exper-
iment involving single-sided exponential pulses (instead
of step-pulses) and exploiting the dispersion originating
from a narrow exiton line in AsGa [8℄. For proper detun-
ing of the optial arrier frequeny ωc from the resonane
frequeny ω0, optial preursors appear as a small spike
superimposed on the main pulse. See also [9, 10℄. The ob-
servation of preursors signiantly ahead of a main eld
of omparable amplitude obviously requires the use of
long enough square pulses and of a medium fairly trans-
parent at the optial arrier frequeny, the orresponding
group delay being long ompared to the duration of the
∗
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preursors. As disussed in [11, 12℄, the latter onditions
are met in an opaque medium with a narrow transpareny
window (slow light medium). Suh an experiment has
been reently ahieved by Wei et al. [13℄ in an opaque
loud of old atoms with an eletromagnetially indued
transpareny (EIT) window. Note that, in this experi-
ment (as in all the studies of preursors), the propagating
eld linearly interats with the medium.
For omparison, we will examine here the nonlinear sit-
uation where the medium transpareny is indued by the
propagating eld itself [14, 15℄. Figure 1 shows the re-
sult of an experiment ahieved in suh onditions [16℄.
The medium is a gas of HC15N at low pressure on-
tained in a 182m-long oversized waveguide and the ini-
dent wave is on resonane with the moleular rotational
line J = 0, M = 0 → J = 1, M = 0 (wavelength
λc ≈ 3.5 mm). The gas behaves as a 2-level medium
[17℄ haraterized by T1 (T2 ) the relaxation time for the
population dierene (the polarization), T ∗2 the Doppler
time and α the resonant absorption oeient at low in-
tensity (extrapolated from the Lorentzian wings of the
line). See [18℄ for details. The inident wave is hara-
terized by I0 its intensity normalized to the saturation in-
tensity and τr its rise time. The observed step responses
learly have some similarities with those obtained in the
EIT experiment [13℄, with a short transient preeding the
establishment of a steady state regime (main eld). The
quasi Rabi osillations [15℄ aompanying the latter are
obviously absent in the EIT experiments but osillations
having a linear origin (postursors) an also be observed
in this ase [12℄.
To analyze the previous results, we provisionally ne-
glet the Doppler broadening and assimilate the guided
wave to a plane wave propagating in the z diretion
(0 < z < L), with an eletri eld polarized in the x
diretion. As long as τr, T1, T2 ≫ 1/ωc and α ≪ ωc/c,
the slowly varying envelope approximation (SVEA) [17℄
holds [19℄ and we write the Ex omponent of the eletri
eld as :
Ex(z, t) = Re
[
eiωctE˜(z, t)
]
(1)
2151050 151050
a) b)
c) d)
Time (µs)
Tr
an
sm
itt
ed
 In
te
ns
ity
1
0
1
0
Figure 1: Observed step response of a resonant absorbing
medium. Parameters : αL ≈ 200 , T1 ≈ T2 ≈ 10µs (T2/αL ≈
50 ns), T ∗2 ≈ 1.3 µs , ωc = 5.4 × 10
11s−1 (ω−1
c
≈ 1.8 ps ),
τr = 12ns ; I0 ≈ (a) 2100,(b) 960 () 620 (d) 350. In eah ase,
the intensity is normalized to that of the step transmitted in
the absene of gas (dashed line).
where, as in all the following, t is a loal time (real time
minus z/c), and E˜(z, t) is the slowly varying eld en-
velope. Denoting µ the dipole matrix element for the
transition (hosen real), R(z, t) = µE˜(z, t)/~ the Rabi
frequeny, n(z, t) the population dierene per volume
unit (n0 its value at equilibrium) and P˜ (z, t) the envelope
of the eletri polarization indued in the medium, it is
onvenient to introdue the dimensionless quantities D =
n/n0, P =
i eP
n0µ
√
T1
T2
and E = µE˜
√
T1T2/~ = R
√
T1T2,
all real in the resonant ase. I = E2 is the intensity nor-
malized to the saturation intensity. The Maxwell-Bloh
(MB) equations governing the system evolution take then
the simple form
∂E
∂z
= −α
2
P (2)
T2
∂P
∂t
= DE − P (3)
T1
∂D
∂t
= −PE + (1 −D) (4)
We assume that the rise time τr of the inident in-
tensity, while long ompared to 1/ωc (as above men-
tioned), is short with respet to all the other harater-
isti times of the system (1/R, T1, T2 and T2/αL). The
response E(L, t) of the medium (with a time resolution
equal to τr) is then obtained by solving the MB equations
with P (z, 0) = 0, D(z, 0) = 1 and E(0, t) = E0Θ(t) =√
I0Θ(t) where Θ(t) is the unit step funtion. This prob-
lem has been examined by Crisp [15℄ when the relaxation
eets are negligible, a ondition obviously not met in the
experiments.
The long term behavior of the step response (t ≫
T1, T2 ) is obtained by solving the MB equations in steady
state. Combining Eqs.3 and 4, we nd P = E/(1 + E2)
and, putting this result in Eq.2, we easily retrieve the
transmission equation [20, 21, 22℄
I(∞) + ln I(∞) = I0 + ln I0 − αL (5)
where I(t) is a short hand notation of the transmitted
intensity I(L, t). The medium being optially thik in
the linear regime (αL ≫ 1), the absorption is fully sat-
urated (I(∞)/I0 ≈ 1) only when the inident (normal-
ized) intensity is extremely large (I0 ≫ αL). In fat
the transmitted eld (main eld) will be signiant (par-
tial transpareny) as soon as I0 − αL = O(αL). The
transmission equation takes then the approximate form
I(∞)/I0 ≈ 1−αL/I0 and a transmission I(∞)/I0 > 1/3
is obtained for I0 > 3αL/2.
Consider now the short term behavior of the step re-
sponse. By ombining the integral form of Eqs.3 and 4
and taking into aount that D(z, t) ≤ 1, one an estab-
lish the inequality [23℄
1−D(z, t) <
∣∣∣∣
 t
0
R(z, t′)dt′
∣∣∣∣
2
< R20t
2
(6)
where R0 is the Rabi frequeny assoiated with the in-
ident step ( R20 =
I0
T1T2
). When R20t
2 ≪ 1, D(z, t) ≈ 1
and the MB equations are redued to the ouple of lin-
ear equations ∂E/∂z = −αP/2 and T2∂P/∂t = E − P .
So, at least in this time domain and though I0 ≫ 1, the
medium behaves as a linear system (small pulse-area ap-
proximation [23℄). Its response E(L, t) is easily retrieved
from the previous ouple of equations and an be written
as [24, 25℄
E(L, t) = E0Θ(t)

1− αL
t/T2

0
J1
(√
2αLu
)
√
2αLu
e−udu


(7)
When αL≫ 1, the integral an be transformed to obtain
E(L, t) ≈ E0Θ(t)e−t/T2J0
(√
2αLt/T2
)
(8)
For x > 1, J0(x) ≈
√
2
pix cos
(
x− pi4
)
and E(L, t >
T2
2αL ) ≈ E+(t) + E−(t) where
E±(t) =
E0√
2pi
e−t/T2
exp
[
±i
(√
2αLt/T2 − pi/4
)]
(2αLt/T2)
1/4
(9)
3So the optial eld is made of two omponents of equal
amplitude and instantaneous frequeny ωc ±
√
αL
2tT2
,
whih are nothing but that the Sommerfeld (E+) and
Brillouin (E−) preursors as determined by the saddle
point method of integration [12, 26, 27℄. The linear har-
ater of the short-term response (and thus its analysis
in terms of preursors) is well supported by the exper-
iments. As shown Fig.1, the shape of the orrespond-
ing transient is roughly independent of the inident in-
tensity. By numerially solving the MB equations, we
nd that the ondition R20t
2 ≪ 1 is muh too severe and
that the linear approximation satisfatorily holds up to
t = 2pi/R0, the Rabi period of the inident eld. It even
holds later in the experiments beause the transversal
inhomogeneity of the eld partially washes out the (non-
linear) quasi Rabi osillations while it does not aet the
linear response (the preursors).
In the EIT experiments, the probe eld linearly inter-
ats with the medium at every time and the arrival of the
main eld is determined by the (slow) group veloity [12℄.
In the present ase, this arrival is xed by fully nonlinear
phenomena, the study of whih requires the resolution
of the omplete MB equations. We rst examine the
solution obtained in the rate equations approximation
(REA) [17℄. The equations to solve are then redued to
∂I/∂z = −αID and T1∂D/∂t = −D((1 + I) + 1 [20, 22℄
with D(z, 0) = 1 and I(0, t) = I0Θ(t). Eliminating D
and integrating in z, we get [22℄
T1d (ln I) /dt = ln I0 + I0 − αL − ln I − I (10)
with I(0) = I0 exp (−αL). The transmitted intensity I(t)
is nally given by the impliit equation
t
T1
=
I(t)

I0 exp(−αL)
dI ′
I ′ (ln I0 + I0 − αL − ln I ′ − I ′)
(11)
The transmission T (t) = I(t)/I0 monotonously inreases
from exp (−αL) to I(∞)/I0, where I(∞) is given by
Eq.5. In the onditions onsidered here [αL ≫ 1,
I0 − αL = O(αL)℄, T (0) ≈ 0, T (∞) ≈ 1 − αL/I0 and
the transition between these two values is very steep
(Fig.2). The time-delay of the arrival of the main in-
tensity is onveniently dened as the time τd suh that
I(τd) = I(∞)/2. It is given by Eq.11 by taking I(∞)/2
as upper limit of integration. When I0 ≫ αL (full sat-
uration limit), Eq.11 an be expliitly integrated to give
T (t) ≈ [1 + exp (αL− I0t/T1)]−1 in agreement with the
result given in [28℄. The 10-90% rise time ∆t of the inten-
sity and the time-delay τd then read as∆t ≈ 4 ln 3 (T1/I0)
and τd ≈ αL (T1/I0)≪ T1. When the saturation is only
partial, the time-delay τd as a funtion of 1/I0 inreases
muh faster than αLT1/I0 and values of the order of T1
an be attained while keeping a signiant transmission
(Fig.2).
The REA does not take into aount the oherent ef-
fets. It eliminates in partiular the quasi Rabi osilla-
tions aompanying the main eld. One may however
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Figure 2: Step response obtained in the rate equations ap-
proximation (REA) as a funtion of the normalized time t/T1.
Optial thikness αL = 200. Eah step response is labeled by
the orresponding inident intensity I0. The step response
obtained for I0 →∞ is given for referene (dashed line).
expet that the signals obtained by this way are a satis-
fatory approximation of the exat signals, the osillatory
parts of whih would have been ltered out. To hek this
idea, we have ompared, αL and I0 being xed, the step
response obtained by using the REA (independent of T2)
to those obtained by numerially solving the MB equa-
tions for two dierent values of T2/T1 (Fig.3). The three
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Figure 3: Comparison of the step response obtained by the
REA (dashed line) to those obtained by numerially solv-
ing the Maxwell-Bloh (MB) equations with T2/T1 = 1 (full
line) and with T2/T1 = 1/2 (dotted line). Other parame-
ters: αL = 200 and I0 = 400, leading to T (∞) ≈ 1/2. Note
that the pseudo-period of the osillations superimposed to the
steady state in the MB solutions are nearly equal to the or-
responding Rabi period 2pi/R∞ = 2pi
p
T1T2/I(∞), namely
0.44T1 (0.31T1) for T2/T1 = 1 (T2/T1 = 1/2).
step responses are obviously dierent but the time-delays
τd (as dened before) are very lose. Similar simulations
4made for dierent values of the parameters show that this
result is not aidental. It appears that Eq.11 provides
the exat time-delay with a preision better than 10% in
all the ases of physial interest, that is when the pre-
ursors are well developed before the arrival of the main
eld and the latter has a signiant amplitude.
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Figure 4: Numerial solution of the MB equations taking into
aount the transverse distribution of the eld (full line) for
αL = 200, I0 = 400, and T2 = T1. The REA (dashed line)
and MB (dotted line) solutions obtained with the plane wave
model are given for referene.
We will now examine the modiations brought to the
step response by some eets negleted in the previous
theoretial analysis. The most important one results
from the transverse inhomogeneity of the guided wave.
Figure 4 shows a typial step-response obtained by us-
ing a MB numerial ode extended to inlude a trans-
verse variation of the eld [29℄. As expeted, the linear
part of the response (preursors) is not hanged (it is
even slightly prolonged) but the quasi Rabi osillations
(strongly depending on the eld amplitude) are dramat-
ially aeted. Their amplitude is onsiderably redued
and their damping is aelerated, in agreement with the
experimental result (Fig.1). However we remark that
the time-delay τd is not signiantly larger than that ob-
tained in the plane-wave and rate-equations approxima-
tions. Similar alulations inluding the Doppler broad-
ening instead of the eld inhomogeneity in the plane-wave
MB numerial ode show that, even when T ∗2 = 0.13T2
(parameters of Fig.1), the Doppler eet negligibly af-
fets the preursors and slightly redues the time-delay
τd. This an be explained by observing that the right
time sale for the preursors and the nonlinear response
is not T2 but, respetively, T2/αL≪ T ∗2 and 1/R0 < T ∗2 .
Finally, the nite rise time of the inident step essen-
tially aets the most rapidly varying part of the step
response, namely the transient assoiated with the pre-
ursors and rst the intensity I1 of its rst peak. When
αL≫ 1, I1 only depends on r = αLτr/T2 and attains the
intensity I0 of the inident wave when r ≪ 1. This on-
dition is approximately met in the experiment reported
in [16℄ where I1 ≈ 0.9I0 (Fig.1). Similar results ould be
obtained at optial wavelength by propagating a Gaus-
sian beam in an ensemble of laser ooled 2-level atoms.
We have then T ∗2 ≫ T2 and the Doppler eet negligi-
bly aets the preursors and the quasi Rabi osillations.
In other respets, T2 (typially 50ns) is about 200 times
shorter than in the mirowave experiment. For a good
observation of the preursors, the rise time of the ini-
dent step should also be 200 times shorter, namely in the
50ps range (attained with eletro-opti modulators).
To summarize, we have shown that the experiments
involving self-indued transpareny are a good alterna-
tive to the EIT experiments in order to observe optial
preursors well ahead of the main eld, both having in-
tensities omparable to that of the step-modulated in-
ident wave. By using a plane-wave model and the rate
equations approximation, we have established an analyti-
al expression for the time-delay of the main-eld arrival,
whih generalizes that previously obtained in the innite
saturation limit, and we have shown that this expression
provides a good estimate of the real time-delay as long
as preursors and main eld are well separated and of
signiant amplitude.
[1℄ A. Sommerfeld, Physikalishe Zeitshrift 23, 841 (1907).
[2℄ A. Sommerfeld, Ann. Phys. (Leipzig) 44, 177 (1914).
[3℄ L. Brillouin, Ann. Phys. (Leipzig) 44, 204 (1914).
[4℄ J.A. Stratton, Eletromagneti Theory (MGraw-Hill,
New York 1941)
[5℄ J.D. Jakson, Classial Eletrodynamis, 2nd ed. (Wiley,
New York 1975).
[6℄ K.E. Oughstun, Eletromagneti and Optial Pulse Prop-
agation 1 (Springer, Berlin 2007), Ch.1.
[7℄ J. Aaviksoo, J. Lippman and J. Kuhl, J. Opt. So. Am. B
5, 1631 (1988).
[8℄ J. Aaviksoo, J. Kuhl, and K. Ploog, Phys. Rev. A 44,
R5353 (1991).
[9℄ H. Jeong, A. M. C. Dawes, and D.J. Gauthier, Phys. Rev.
Lett., 96, 143901 (2006).
[10℄ S. Du, C. Belthangady, P. Kolhin, G.Y. Yin, and S.E.
Harris, Opt. Lett. 33, 2149 (2008)
[11℄ H. Jeong and S. Du, Phys. Rev. A 79, 011802(R) (2009).
[12℄ B. Make and B. Ségard, Phys. Rev. A 80, 011803(R)
(2009).
[13℄ Dong Wei, J.F. Chen, M.M.T. Loy, G.K.L. Wong, and S.
Du, Phys. Rev. Lett. 103, 093602 (2009).
[14℄ S.L. MCall and E.L. Hahn, Phys. Rev. 183, 457 (1969).
[15℄ M.D. Crisp, Phys. Rev. A 5, 1365 (1972).
[16℄ B. Ségard, B. Make, J. Zemmouri, and W. Sergent, Ann.
Phys. (Paris), Colloque n°1, Supplément au n°2, Vol.15
(1990), p.167.
[17℄ L. Allen and J.H. Eberly, Optial resonane and two-level
atoms (Dover, New York 1987).
[18℄ B. Ségard, B. Make, L.A. Lugiato, F. Prati, and M.
5Brambilla, Phys. Rev. A 39, 703 (1989).
[19℄ These onditions are met in all the experiments having
led to a diret observation of preursors.
[20℄ A. Selden, Br. J. Appl. Phys. 3, 1935 (1967).
[21℄ L.W. Hillman, R.W. Boyd, J. Krasinski, and C.R.
Stroud, Opt. Commun. 45, 416 (1983℄.
[22℄ B. Make and B. Ségard, Phys. Rev. A 78, 013817 (2008).
[23℄ M.D. Crisp, Phys. Rev. A 1, 1604 (1970).
[24℄ A. Laubereau and W. Kaiser, Rev. Mod. Phys. 50, 607
(1978).
[25℄ B. Ségard, J. Zemmouri, and B. Make, Europhys. Lett.
4, 47 (1987).
[26℄ W.R. LeFew, S. Venakides, and D.J. Gauthier, Phys.
Rev. A 79, 063842 (2009).
[27℄ This asymptoti method of integration is sometimes op-
posed to the SVEA. In fat it an pertinently be used in
the frame of the latter [12℄.
[28℄ P.G. Kryukov and V.S. Letokhov, Sov. Phys. Uspekhi
12, 641 (1970).
[29℄ E.M. Pessina, B. Ségard, and B. Make, Optis Commun.
81, 397 (1991).
